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Relationships have been derived for the particle size distribution in a continuous crystallizer 
operating in a steady-state regime, where agglomeration of the primarily generated crystalline 
particles takes place. The derivation was made for a constant kinetic coefficient of agglomeration 
(independent of the particle size) and for a negligible particle growth rate. The relationships 
are used to interpret the particle size distribution of calcium carbonate precipitated from 0·2 mol . 
. dm - 3 solutions of calcium chloride and sodium carbonate in a laboratory continuous crystal
lizer. Anomalous shapes of the size distributions of small particles frequently observed in conti
nuous crystallizers are discussed in terms of the agglomeration phenomenon. 

Microscopic observations of products from both continuous and batch crystallizers 
have indicated that crystal agglomeration significantly affects the granulometric 
composition of the product. In agglomeration separate, previously formed crystaIIine 
particles combine and, consequently, the formal particle growth rate, expressed for 
example as the rate of change of the mean particle size, is substantially higher than 
the growth rate of the crystal surface area (normal to the surface) given by the transfer 
of the solute from solution to the solid phase. Agglomeration significantly affects 
the particle size distribution of the crystal product and the separation of the product 
from the mother liquor. At high levels of supersaturation, crystal agglomeration 
occurs very frequently, not only in precipitation of sparingly soluble substancesl - 3 , 

but also with readily soluble substances such as potassium chloride4 and potassium 
aluminium sulphateS - 7 • 

It is more convenient to study agglomeration in the steady-state flow system than 
in the batch arrangement, where the solution supersaturation, the rates of the various 
partial processes and the crystal size distribution all vary with time. There are a large 
number of papers dealing with the theoretical solution of the variation in the particle 
size distribution with time for agglomeration in the batch arrangement8 -12. In 
contrast, no theoretical relationships are available in the literature for particle 
agglomeration in the steady-state flow system. In the present paper, we shall derive 
a simple variant of the relationships for a continuous crystallizer and compare the 
derived equations with experimental results obtained for precipitation of calcium 
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carbonate. We shall also show that agglomeration may provide the basis for inter
preting the frequently observed marked positive deviations from expected values for 
the distribution of small particles in continuous crystallizers. 

THEORETICAL 

Suppose that particles of a constant initial volume Vo are generated continuously in 
a well-stirred continuous crystallizer operating in a steady-state regime and that 
these particles combine with one another and/or with previously formed particle 
agglomerates. Let agglomeration be the only process responsible for changes in the 
particle size distribution, i.e. we shall neglect agglomerate breakage and particle 
growth due to mass transfer from solution to the solid phase. The described model 
system may be exemplified by precipitation crystallization in a continuous crystallizer 
where close to the inlet of the concentrated solution there is a small zone with a high 
level of supersaturation in which nucleation occurs and the nuclei born grow very 
rapidly up to the volume Vo, thus relieving almost completely the state of super
saturation. The particles of volume Vo then enter the bulk of the well-stirred crystal
lizer, where they solely agglomerate. 

We shall characterize the rate of agglomeration by the agglomeration coefficient, 
ka' defined in terms of the distribution function of particle volumes, f(v), as follows. 
Let f(v) dv be the number of particles of volume v to (v + dV) per unit volume of 
suspension; then kaf(u)f(v) du dv is the number of agglomeration collisions between 
particles of volume u to (u + du) and those of volume v to (v + dV) per unit time 
and unit volume of suspension. In the derivation below, we assume for simplicity 
that the agglomeration coefficient ka is constant, independent of the particle volume 
(sec also Results and Discussion). 

The steady-state population balance for particles of volume v is 

1kafV-VO f(u)f(v - u)du - kafoo f(u)f(v)du - f(v)/t + Ni5(v - Vo) = 0, (1) 
~ q 

where N is the rate of generation of particles of volume Vo per unit volume of sus
pension, t is the mean retention time of suspension in the crystallizer, and b(v - vo) 
is the Dirac impulse function. The first and second terms in Eq. (1) describe, respecti
vely, the increase and decrease in the number of particles of volume v due to agglo
meration, the third term represents the decrease in the number of particles as the 
suspension comes off the crystallizer, and the last term gives the contribution from 
particle nucleation, which is nonzero only for v = Vo. Equation (1) represents the 
deterministic description of the agglomeration process in the continuous crystallizer. 
Thus, assuming a large number of particles in the system, we neglect the stochastic 
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character of the agglomeration collisions and of the outflow of the particles from the 
crystallizer13. 

Integrating the second term in Eq. (1), we obtain 

ka I: f(u)f(v) du = kaf(v) I: feu) du = kaf(V) Mo , (2) 

where Mo is the zeroth moment of the distribution f(v), i.e. the total number of par
ticles in unit volume of suspension. The particle number Mo is obtained from a ba
lance equation for the total number of particles in unit volume of suspension in the 
crystallizer, 

(3) 

where the expression !kaM~ represents the number of binary agglomeration colli
sions per unit volume and unit time (one particle is lost in each collision). This 
equation is also obtained by integration of Eq. (1) within the limits Vo and 00. Equa
tion (3) is useful in that it permits the total number of particles in unit volume of 
suspension to be calculated from the kinetic parameters ka and N, and the retention 
time 1 (without the knowledge of the distributionf(v)): 

(4) 

The total number of particles, Mo, can be compared with the total number of par
ticles which would be present in unit volume of suspension if no agglomeration 
occurred, i.e. Nl (a unit volume of suspension stays in the crystallizer for an average 
time 1 in which Nl particles of volume Vo are generated; see also Eq. (3) for ka = 0). 
The ratio of the numbers of particles in unit volume of suspension with and without 
agglomeration is 

Mo/Nl = [(2a + 1)1/2 - l]/a, (5) 

where 

(6) 

The reciprocal of this ratio IS the average number of particles that comprise an 
agglomerate. 

The integral equation (1) can be solved by taking the Laplace transformation 

(7) 

where F is the Laplace transform of distributionf(v): 
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F = S: I( v) exp ( - pv) dv (8) 

(the/(v) distribution is equal to zero in the interval (0, vo». Rearrangement of Eq. (7) 
gives 

F = 1 - 1 - exp ( - vop) . (1 + 2a)1/2 {[ a J1/2} 
kat a + 1/2 

(9) 

After replacing the expression under the radical in Eq. (9) by a Taylor's series, we 
take the inverse transformation 

I(v) = 1 . 3 . 5 ..... (2i - 3)(1 + 2a)1/2 ( a )' <5(v _ iv ) , (10) 
2'i! kat a + 1/2 0 

where i = 1,2, 3 ... (for v :F ivo, we have I(v) = 0). The factorial expression in 
Eq. (10) may be approximated by 

1.3.5 ..... (2i-3) 1 -1/2.-3/2 
~ -1t I • 

2ii! 2 
(11) 

This approximation has been derived on the basis of Stirling's formula and holds 
with sufficient accuracy f01 i ~ 10 (the error of the approximation is 3·8% for i = lO, 
1·3% for i = 30, and 0·63% for i = 60). So far we have considered agglomeration 
of elementary particles of volume Vo or of size corresponding to a mUltiple of vo, 

and the distribution I(v) is therefore defined by Eq. (10) only at discrete points 
v = ivo (where the Dirac functions are nonzero). If the particle volume v is greater 
than about lOvo, the distribution can be considered as a continuous function of v: 

v _ [(1 + 2a) VOJI /2 [a/(a + 1/2)]"1"° 
I( ) - 47t kalv3/2· (12) 

Equation (12) is obtained by inserting Eq. (11) into (10), integrating between the limits 
(i - 0·5) Vo and (i + 0·5) Vo, and dividing by Vo, i.e. by the width of the integration 
interval. From Eq. (12) it follows that the dimensionless distribution I(v)/f(vo) 
depends only on the volume ratio vIvo and the dimensionless parameter a = ka~1l2: 

I(v)/I(vo) = [a/(a + 1/2)]"/"° (V/vot3/2 . (13) 

We shall now turn our attention from the particle volume distribution I(v) to the 
more frequently used particle size distribution, n(L). The symbol n(L) dL will denote 
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the number of particles in unit volume of suspension which have a characteristic 
linear dimension Lto (L + dL). Since 

f(v) dv = n(L) dL, (14) 

Eq. (12) can be transformed to 

n L = ~ [(1 + 2a)]1/2 [al(a + 1/2)JL3/Lo3 L~/2 
() 2 1t kat ]J/2 ' 

(15) 

where Lo is the characteristic dimension corresponding to the elementary volume Vc;

The slope of the semilogarithmic In n(L) versus L plot is 

d[ln n(L)J/dL = -5/2L + (3I3IL~) In [a/(a + 1/2)] . (16) 

Equation (16) indicates that the semilogarithmic plot of the distribution n(L)is 
a steeply falling curve for small particles. As L rises, the absolute value of the slope 
gradually decreases until an inflexion point with the coordinate 

Linfles = Lo{(12/5) In [(a + 1/2)la]}-1/3 (17) 

is reached, whereupon the curve resumes its decline with increasing absolute value 
of slope. The slope in the inflexion point is - 5'02r;- 1 In [(a + 1/2)/a ]1/3. For high 
values of parameter a (for example, for the typical values ka = 10- 7 cm3/s, IV = 
= 104 cm- 3 S-1, and i = 1000 s, Eq. (6) gives a = 1000), the inflexion point may 
not be found experimentally because it lies within the range of very small (un
measurable) values of the n(L) distribution. 

The logarithmic In n(L) versus In L plot is initially (for small L) a straight line of 
slope dIn n(L)/dln Lclose to -2'5, because the second term on the right-hand side 
of Eq. (16) multiplied by Lis insignificant at low values of L(see Fig. 1). The slope 
of - 2·5 of the logarithmic plot, i.e. a - 2'5-power law for n(L) as a function of L, 
was predicted by Friedlander14 on the basis of dimensional analysis for the limiting 
case - in the nomenclature used in this paper - of an infinite retention time of 
a suspension in a crystallizer, i.e. for a -+ 00. 

EXPERIMENTAL 

Particle size distributions were measured for calcium carbonate precipitated at 25°C from 0'2 mol . 
. dm - 3 solutions of calcium chloride and sodium carbonate. Under the given conditions, the 
major product is the metastable modification vaterite15 . Filtered solutions of CaCI2 and Na2C03 

were drawn with a metering pump from stock bottles through capillaries into a continuous 
crystallizer consisting of a thermostatted glass vessel of 160 cm3 capacity with an outlet tube 
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located 1 em below the surface of the suspension and another outlet tube at the bottom of the 
vessel. The suspension was stirred with a standard impeller with six inclined blades, using a stirrer 
speed of 500 or 260 rpm. When a minimum of ten times the mean retention time of the sus
pension in the vessel had elapsed, samples of the suspension were withdrawn, through both the 
outlets, for granulometric analysis. No difference was found between the distributions of the 
two samples. In order to prevent any additional agglomeration, the suspension sample (a maxi
mum of 1 cm3) was placed in a cell with 500 cm3 of a solution saturated with calcium carbonate 
and containing the same amount of NaCI as the entering sample. The filtrate of the mother 
liquor from the preceding experiments was used for this purpose. The particle size distribution 
was measured by a Fritsch Analysette 20 Photosedimentometer (F.R.G.), which determines the 
decrease in the optical density of the initially homogeneous suspension settling down in the cell. 
The result of the measurement is the cumulative particle area distribution as a function of the 
particle size L (Stokes' diameter). If S(L) is the percentage of crystals in suspension which are 
smaller than L, then L -2[dS(L)/dL] represents a quantity proportional to the particle number 
distribution n(L). The mass balance for the crystallization (assuming spherical particles and 100% 
yield of CaC03) gives 

n(L) = 6MCaCO/c/2 - Ceq) [dS(L)/dL] I[ 7tL2Cl c f: OO 
L dS(L)] , (18) 

where c is the molar volumetric concentration of the equimolar solutions of CaCl2 and Na2C03 
Ceq is the solubility of CaC03 , MCaC03 is the molar mass, and Clc is the specific mass of the par
tides. The derivatives dS(L)/dL as functions of the particle size L were obtained by successive 
polynomial regression of sections of the S(L) versus L curve. 

RESULTS AND DISCUSSION 

MIcroscopic observation of products from calcium carbonate precipitation under 
the conditions specified in Table I revealed that most of the solid phase was made 
up of fairly compact crystal agglomerates. A semilogarithmic plot of the particle 
size distribution, log n(L), versus the characteristic dimension L generally exhibits 
the shape shown in Fig. 2, which differs from the linear log n(L) versus L plot for 
the ideal continuous crystallizer with a constant particle growth rate (without ag
glomeration)16. In contrast, the log n(L) versus log L plot is a straight line for small 
particles (Fig. 3), with a slope close to -2·5 (Table I). The length of the linear 
portion of the log n(L) versus log L curve increases with decreasing mean retention 
time of the suspension in crystallizer, i.e. with increasing supersaturation of the 
solution in the crystallizer (experiments 1 to 3 in Table I). 

An attempt was made to evaluate the particle growth rate, t, by the conventional 
method16 from slopes of log n(L) versus Lplots in the region of larger particles for 
which the dependence is at least approximately linear (Fig. 2). So obtained growth 
rates were compared with values of the quantity L 50/2'6741, where the dimension 
Lso is one for which the cumulative surface area of particles with dimensions L ~ Lso 
equals one half of the total particle surface area. Thus, the Lso dimension can be 
read from the plot of S(L) versus L obtained by photosedimentation measurement. 
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The numerical coefficient 2·674 is given by the equation16 

S(L50) = 100(1 + L50/ Li + t(L50/ L1)2] exp ( - L50/ Li) = 50, (19) 

whose solution is 

L50/ L1 = 2·674 . (20) 

TABLE! 

Experimental conditions and evaluated particle size distributions 

i Stirrer speed Lmax 
a 

sb t L 50/2'6741 Experiment 
min min- 1 ~m ~m/min ~m/min 

1 6 500 20 -3'3 0'96 0'30 
2 18 500 11 -2'5 0'71 0'39 
3 36 500 8 -2,1 0'51 0'23 
4 6 260 17 -N 0'77 0·47 

a The upper bound on the linearity of the log n(L) versus log L plot; b the slope of the linear 
portion of the log n(L) versus log L plot. 

n(U 
n(Lo } 

Flo. 1 

Logarithmic plot of the particle size distribu
tion according to Eq. (15). The figure on 
each curve indicates the value of the param
eter a = k.Ni 

FlO. 2 

Semilogarithmic plot of the particle size di
stribution for CaC03. 0 experiment 1'; () 
experiment 2 
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In Table lone sees that the growth rates determined by the two approaches differ. 
This is expected because in determining Lso an important role is played by small 
particles, whose contribution to the total surface area is substantially greater than 
would correspond to a linear extrapolation (in the plot of log n(L) versus L) from 
the region of large particles. 

The particle size distribution of the product was also plotted in the z-L coordinate 
system, where z is related to M(L), the mass percent of particles larger than L, by the 
equation16 

M(L) = 100(1 + z + z2/2 + z3/6) exp (-z). (21) 

For the ideal continuous crystallizer, the plot is a straight line of slope liLt passing 
through the origin. As seen in Fig. 4, experimental distributions plotted in this 
coordinate system lie on curves with positive intercepts on the M(L) axis, as in papers 
of Nyvlt and coworkers5 •7 , who studied agglomeration of KAl(S04h.12 H20 during 
precipItation and cooling crystallization in a continuous crystallizer. 

The experimentally obtained slopes of the linear portions of the log n(L) versus 
log L plots, which are close to - 2'5, correspond - according to the theoretical part 
of this paper - to agglomeration growth of particles in a continuous crystallizer 
at a constant agglomeration coefficient (independent of the size of agglomerating 
particles) and high values of the dimensionless parameter a (see Fig. 1). For experi
ment 1, the agglomeration coefficient determined on the basis of Eq. (15) from 
experimental distribution n(L) is ka = 9'4.10- 10 cm3/s. When determining ka for 

107 

nIL! 
t'm-'cm-' 

105 

FIG. 3 

Logarithmic plot of the particle size distribu
tion for CaC03 . 0 experiment 1; () experi
ment 2 
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a given distribution n(L), we need not know the initial size of agglomerating particles, 
Lo, provided that a ~ 1. If, for example, distribution values n 1 and n2 for particle 
sizes L1 and L2 are known, the agglomeration coefficient ka is equal, according to 
Eq. (15), to 

(22) 
where 

(23) 

Thus, Lo does not appear in Eqs (22) and (23). Its knowledge is, however, necessary 
for determining the quantities a, M o, and N. Nakai and Nakamaru17 estimated 
the size of CaC03 particles formed immediately on combining 0·058 to 0·25 mol . 
. dm - 3 equimolar solutions of Na2C03 and CaCl2 to be 0·22 to O· 311m. Microscopic 
observations in their work indicated that the size of the smallest CaC03 particles 
was less than 111m. With Lo = 0·3 11m and ka = 9-4.10- 10 cm3/s for experiment 1, 
Eq. (15) yields the dimensionless parameter a = 1·14. lOS, and Eq. (4) gives the 
total number of particles in unit volume of suspension as Mo = 1·41 . 109 cm - 3 
and the growth rate of primary particles as N = 9·4 . 108 cm - 3 S - 1. 

According to the present model of agglomeration in a continuous crystallizer 
(constant primary particle size; agglomeration coefficient independent of particle 
size; and zero growth of particles), the absolute value of the slope of the log n(L) 
versus log L plot should be greater than, or equal to, 2·5. In experiments 3 and 4 
(Table I), however, the absolute values of the slope are somewhat lower than 2·5. 
This may be explained in that in a real system there is still some growth of particles 
as a result of mass transfer from solution to the solid phase. Should the particle size 
distribution in a continuous crystallizer be determined only by particle growth at 
a constant rate L, it would be given by16 

n( L) = no exp ( - L/ Lt) , (24) 

and the slope dlog n(L)/dlog L would be equal to - L/ Lt: thus, for L = 0, it would 
be zero, for L = Lt (numerical mean particle size), -1, decreasing further linearly 
with increasing L. For the general case where nucleation, growth and agglomeration 
of particles occur simultaneously, the particle size distribution is obtained by numer
ical solution of population balance (1) extended to include the growth term d[vf(v)]/ 
/dv, where v is the rate of change of the particle volume as a result of growth. The 
experimental slopes of the linear plots of log n(L) versus log L also indicate that the 
assumption of constant agglomeration coefficient ka (independent of particle size) 
provides a better agreement between theoretical and experimental values of the 
slope than does the assumption of size-dependent agglomeration coefficient. For 
example, the relation derived by Saffman and Turner18 for the collision coefficient 
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of spherical particles of diameters L1 and L2 under the conditions of isotropic tur
bulence, 

(25) 

would lead, as can be shown by the treatment of Hunt19, to absolute values of the 
slope greater than, or equal to, four. Despite the scarcity of data on the dependence 
of the agglomeration coefficient on the experimental conditions of crystallization, 
it is apparent that the effect of particle size in flow precipitation is counteracted by the 
effect of local supersaturation: as a result of imperfect mixing on the molecular 
scale, the supersturation around small particles, whose time of existence is still 
short, is greater than that around larger particles, where it has been relieved by mass 
transfer to the solid phase. The supersaturation of the solution surrounding the 
particles increases their tendency to agglomerate. Halfon and Kaliaguine20, for 
example, found the agglomeration coefficient in crystallization of aluminium oxide 
trihydrate to be proportional to the fourth power of the solution supersaturation 
(and independent of the particle size). Another factor that could limit the effect 
of the particle size on the value of the agglomeration coefficient in the sense of Eq. 
(25), is the breakage of larger agglomerates in a turbulent mixing regime. 

In most papers on the particle SIze distribution in continuous crystallizers with the 
particle size measured down to the micrometer range (Coulter counter, mono
chromatic light diffraction)21-25, the plots of log n(L) versus L showed marked 
positive deviations from straight lines in the region of small particles. Such anoma
lies, which preclude accurate determination of the nucleation rate by the standard 
method (from the intercept of the semilogarithmic plot of the distribution on the 
log n(L) axis), have been explained in the literature in terms of a dependence of the 
crystal growth rate on the crystal size, nucleation of particles of finite size with the 
nucleation population function dependent on the nuclei size, or the phenomenon 
of the so-called growth dispersion (individual crystals of the same size grow at different 
rates under the same external conditions). Another possible factor here is aggloITcera
tion of small particles: by plotting published data21 - 25 for the distribution in the 
form of log n(L) versus log L, we obtain straight lines of slopes ranging from 2 to 
4·5 in the region of small particles. In addition, crystals of aluminium potassium 
sulphate dodecahydrate6 and calcium oxalate trihydrate26 were found to agglomerate 
under conditions close to those used in some of the above studies22 ,23,25 dealing 
with the same substances. 

Agglomeration depends largely on the concentration of particles in suspension 
because it occurs by binary collisions which are proportional in number to the 
product of the concentrations of particles with the sizes considered. In contrast, 
the growth of individual particles as a result of transfer of the solute from the solu
tion depends on the particle concentration only through the total surface area of the 
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particles and the mass balance for the solute. The effect of agglomeration on the 
particle size distribution is therefore largest for small particles, whose concentration 
is the highest. The distribution of larger particles is determined predominantly by 
the growth and the retention times of individual particles in the crystallizer. The size 
distribution for small particles is qualitatively described by the simple model pre
sented in the theoretical part of this paper. 

LIST OF SYMBOLS 

Ceq 

F 
I(t') 

ka 
L 

Lo 
Lso 
Linflex 

Lmax 

i: 
M(L) 

MCaC0 3 

Mo 
IV 
niL) 
p 
q 

s 
S(L) 

t 
II, l' 

dimensionless parameter 
molar concentration of (equimolar) feed solutions (NL - 3) 
equilibrium concentration of CaC03 in the mother liquor (NL - 3) 

Laplace transform of/(v) function, see Eq. (8) (L - 3) 

distribution function of particle volumes (L - 3 r 3) 

agglomeration coefficient (L 3 T- 1 ) 

characteristic dimension of particle (I) 
characteristic dimension of primary partide (I) 
median of S(L) distribution (I) 
coordinate of inflexion point in log niL) versus L plot, see Eq. (17) (I) 

upper bound on linearity of log niL) versus log L plot (I) 
particle growth rate (IT -I) 

mass percent of particles of dimension larger than L 
molar mass of CaC03 (NM- 1 ) 

total number of particles in unit volume of suspension (L - 3) 

nucleation rate of particles of volume Vo per unit volume of suspension (L - 3 T - I) 

distribution function of characteristic partie Ie dimensions (L - 3,- 1 ) 

parameter of Laplace transform. see Eq. (8) (1- 3) 

auxiliary parameter defined by Eq. (23) 
slope of log n(L) versus log L plot 
proportion of surface area of particles of dimension smaller than L 
mean retention time of suspension in crystallizer (T) 
particle volume (13) 

volume of primary particle (13) 

rate of change of particle volume as a result of growth (13 r- I ) 

dimensionless parameter in Eq. (21) 
Dirac impulse function 
specific mass of crystals (Mr 3) 
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